We conputed the equivariant K-theory for Lie groups SU (2) and SU (3), which are the Grothendieck differential algebras of their representation rings over Z.
Introduction
Equivariant K-theory for a compact G-space is hard to compute in general. Using the Segal spectral sequence, we compute the equivariant K-theory for SU (2) and SU(3) acting on itself by conjugation. We then proved a conjecture of Brylinski in these special case; the general case of the conjecture is still open.
Many thanks to my advisor J-L Brylinski, for telling me about his conjecture and for his help.
Equivariant K-Theory
Let G be a compact Lie group, and let X be a compact G-space, a graded algebra K
There is a similar long exact sequence forK * G (X). 3. Segal spectral sequence: For any covering U of X by closed G-stable subsets, there exists a multiplicative spectral sequence E * , * n ⇒ K * G (X) ( [3] ), such that E As a special case, we have:
Grothendieck Differentials
Let A ⊂ B be commutative rings, the Grothendieck differential algebra Ω * B/A ( [7] ) is the commutative differential graded A-algebra constructed as follows: Let F be the free B-module generated by all elements in B, to be clear, we use db to denote the generator b ∈ B, so F = b∈B Bdb.
and let I ⊂ F be the B-submodule generated by
we then get the quotient B-module
, there is a differential:
is the Grothendieck differential algebra of B over A. It is the generalization of differential of common sense, for example, if
Conjecture of Brylinski
We know for a finite group G, the equivariant K-theory of the G-space G (acting by conjugation) has a very nice expression ( [8] ):
where C is the set of {(g, h) ∈ G × G|gh = hg}. In particular, there is a Fourier transformation on K 0 G ⊗ C which was used by Lusztig in the theory of maps of finite reductive groups and which play a role in some conformal field theories. So a natural question, what happens when G is a compact group?
For a compact group G and a compact G-space X, the equivariant co-
, if we view G as a G-space where the action is conjugation, Brylinski ([5] ) proved that H * G (G) ∼ = Ω * H * (BG,C)/C with coefficients C. Furthermore, he noticed that there is a natural map: Ω * R(G)/Z → K * G (G), and they are of the same rank as R(G)-modules. Based on these facts, he conjectured that for equivariant K-theory, K is the representation ring of G, in particular, for
Here we consider the special cases, G = SU(2) and G = SU (3), and we use the Segal spectral sequence to compute the equivariant K-theory K * G (G) to prove the conjecture.
G = SU (2)
SU (2) is a 3-dimensional compact Lie group, actually SU(2) ∼ = S 3 .
The representation ring R
For a compact Lie group G, a G-module means a finite-dimensional complex vector space M with a continous linear G-action on it. If M and N are G-modules, we can form their direct sum M ⊕ N, and with respect to this operation, the isomorphism classes of G-modules form an Abelian semigroup, the associated Abelian group R(G) is called the representation ring of G, the tensor product induces a commutative ring structure in R(G).
A G-module M has a character:
with a subring of the ring of G-invariant complex functions on G, so R(G) is called the character ring of G too.
We already know that the representation ring of the torus T n ( [2] ) is the ring of Laurent polynomials,
Here G = SU(2), it contains a maxmial torus T 1 :
and the map i * : R(SU(2)) → R(T 1 ) is injective, because by linear algebra we know every element in SU(2) is similar to an element in
The orbit space
Every element of SU (2) is similar to an element of the form e We can cover the orbit space with closed subsets U 1 , U 2 as in figure 1 :
Figure 1: (2) is the quotient map, from the closed covering of the orbit space, we get the closed covering U of SU(2):
Now we consider the pre-sheaf K * G associated with this covering. π −1 (U i ) is G-contractible (to the fixed points O, π respectively), so we get
R, when q ≡ 0 (mod 2) 0, when q ≡ 1 (mod 2)
We know
Thus we get
It is easy to get the restriction maps because of their geometric interpretation:
is the restriction map such that:
the same holds true for ρ 2 12 . For q ≡ 1 (mod 2), all restriction maps are 0.
Now we compute theČech cohomology of U, following the standard procedure, we get
We know there exists a multiplicative spectral sequence E * , *
thus we know this spectral sequence degenerates at E 2 , E p,q
looks like:
2 → 0 Taking special p and q, and using the periodicity, we can get
The algebra structure for K * SU (2) (SU(2)) is obvious, and it is isomorphic to Ω * R(SU (2))/Z .
G = SU (3)
6.1 The representation ring R G contains a maximal torus T 2 :
The orbit space
Every element in SU(3) is similar to a matrix of the form:
where e i(θ 1 +θ 2 +θ 3 ) = 1. Lemma If we require that
then this matrix is unique.
Proof: Let e 1 = diag(1, 0, 0), e 2 = diag(0, 1, 0), e 3 = diag(0, 0, 1), we know R(e 1 − e 2 ) + R(e 2 − e 3 ) is the Lie algebra of T 2 ⊂ SU(3), and the exponential map is exp : R(e 1 − e 2 ) + R(e 2 − e 3 ) → T 2 Corresponding to the A 2 type Weyl group W acting on T 2 , there's aÃ 2 type affine Weyl group W a acting on R(e 1 − e 2 ) + R(e 2 − e 3 ), W a is the group generated by < s α,k > where α ∈ {e i − e j |i = j, i, j = 1, 2, 3}, k ∈ Z, s α,k is the reflexion defined by
α. We know there is a 1 − 1 corespondence between the orbits of W acting on T 2 and the orbits of W a acting on R(e 1 − e 2 ) + R(e 2 − e 3 ).
The fundamental domain of W a is the closure of alcove A o ( [4] ), which is defined by:
0 ≤ (λ 1 e 1 + λ 2 e 2 + λ 3 e 3 , e 1 − e 2 ) ≤ 2π 0 ≤ (λ 1 e 1 + λ 2 e 2 + λ 3 e 3 , e 2 − e 3 ) ≤ 2π 0 ≤ (λ 1 e 1 + λ 2 e 2 + λ 3 e 3 , e 1 − e 3 ) ≤ 2π
That's it. ♯ So we get the orbit space (figure 2), and we can cover the orbit space by Let π : SU(3) → SU(3)/SU(3) be the quotient map, from the closed covering of the orbit space, we get the closed covering U of SU (3):
Now we consider the pre-sheaf associated with this covering. U i is G-contractible (to the fixed points O, A, B respectively), so we get
2 ] where S 1 is the standard U(2)-representation C 2 , S 2 is the determinant and S −1 2 is the complex conjugate of the determinant.
Thus we get
and by the same method we obtain
2 ], when q ≡ 0 (mod 2) 0, when q ≡ 1 (mod 2)
As to
when q ≡ 1 (mod 2)
The Restriction Maps
It's easy to get the restriction maps of the pre-sheaf associated with the covering U, because of their geometric interpretation. For q ≡ 0 (mod 2),
is the restriction map, such that:
2 + S 2 the same for ρ 
For ρ ij ijk , it's a little complicated, but from the geometric interpretation, we get them as follows:
2 → X 2 All these maps are injective, so equivalently, we can write the pre-sheaf associated with the covering U as:
and the restriction maps are all given by inclusion. Obviously for q ≡ 1 (mod 2), all groups and restriction maps are 0.
H
Here [·] represents the equivalence class which is in the kernel of the differential.
K * G (SU (3))
Theorem For G = SU(3) and G acting on SU(3) by conjugacy, we have 
